7.1 Power series of Complex Numbers

Consider a sequence of complex numbers {z,}, and form a new sequence

{sn}n where s, = z1 + 22 + -+ + 2z, the sequence of partial sums. If
(o]

the sequence {s,}n, is convergent then we say that the infinite series >_ z;
i=1

is convergent. Thus it makes perfect sense to talk about infinite series of
complex numbers and of convergence of such.

o0 oo
Definition 7.1.1 Consider a series Y z;. If the series Y |z| (remark that

=1 =1
o

this is a series of real numbers) is convergent, then the series _ z; is said
i=1
to be absolutely convergent
The essential result is again that absolute convergence implies conver-
gence:

[e.e]

Theorem 7.1.1 Consider a series of complex numbers Y z;. Assume the
i=1

series is absolutely convergent. Then it is convergent.

Proof: Consider the sequence of partial sums s,, = 21 + 29 + -+ + 2p,.
We have to show that this sequence is convergent. Recall from Lemma 7.0.3
that {sy}, is convergent if and only if the two sequences of real numbers
a, = RNs, and b, = s, are convergent. But to show that a sequence of real
numbers is convergent we only have to verify that it is a Cauchy sequence.
Write z; = ¢;+i-d; so ¢; = Rz; and d; = Sz;. Then s, = z1+29+ - +2, =
(c1+idy)+(ca+ida)+- - -+ (cp+idy) = an+ib, and hence a,, = c1+ca+- -+
and b, = dy +da+---+d,,. We need to verify that the two sequences {ay },
and {by,}, are Cauchy sequences so we need to estimate the differences
|an, — ap,| and |by, — by, |. Assume n > m then a, —amy, = 1+ Cmi2+--+cn
and b, — b, = dit1 + dg2 + -+ - + dyn. Let t,, denote the n’th partial sum
oo

of the absolute series Y |z;|. By assumption {t,}, is convergent and hence
i=1

it is a Cauchy sequence. We have |t, — ti| = |zmt1| + [2ma2| + - + 20| =

VB By + Gt By + o+ VETE. Clearly (/& + a2 >
both |¢;| and |d;| and so we have \/C%H_l +d? 4+ \/C%H_Q + 2+t
\/m > lemsa| +lemial+- - +len] = lempr+emizt - +en| = lan —an|
and \/cfn+1 +d;+1+\/c;+2+d3n+2+--~+ 2+ d2 > |dmyr1] + |dims2| +
co A |dn| > |dmg1 + dmge + -+ d| = by — b
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lan — aml
‘bn B bm‘
given. Because {t,} is a Cauchy sequence we can find N such that when
n,m > N we have |t,, — t,,| < €. But then the inequalities above show that
we have both |a, — am| < € and |b, — by| < e. Thus {a,} and {b,} are
both Cauchy sequences and hence they are convergent, and the theorem is
proved.

Remark that the notion of a Cauchy sequence makes perfect sense for
complex numbers: a Cauchy sequence {w;} of complex numbers is a sequence
with the property that for all € > 0 there exists N such that when n,m >
N, the distance |w, — wy,| < . In the process of proving the theorem
above we actually also proved that a Cauchy sequence of complex numbers
is convergent i.e. the complex numbers are complete.

Thus we have shown that [t, — t,,| > { . Now let € > 0 be

o0

Consider now a complex power series i.e. a series of the form ) a;z7.
J=0

Taking absolute values and using that 27| = |z|?, we get a real power series

o0

> lajl|z}?. To determine convergence properties of this power series we

J=1

can use all our results from the real case. In particular we get a radius of

]

convergence p = lim
i—00 [ait1]

for |z| < p, i.e. for z in the open disc centered at 0 with radius p.

. Thus the power series is absolutely convergent

00 b
Example 7.6 We have seen that the power series Zx—' 1s absolutely con-
i=0 -

o0 7
vergent for every x € R and its limit is exp(z) i.e. Zx—' = exp(x) for all
i=0 2

z € R. A
0 S
Now consider the complex power series Z,—' where z € C. Taking abso-
' i=0%:
XY . ; ; .
lute values we get the series 3} —= and since |2'| = |z[*, the absolute series
i=0
o .2z .
1$ just the real power series Z,—', which we know to be convergent. Thus
i=0 *

%) Zi
we conclude that the complex power series Z,—' s absolutely convergent,

i=0 %
and hence convergent, for every z € C. We can then use the power series to
o0 ZZ
define a function on the complex numbers exp(z) = > — - Remark that if z
=01

happens to be real then exp(z) is the usual exponential function.
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Example 7.7 How can we extend the trigonometric functions cos and sin
to the complex numbers?
The power series are given by

o0 2 P S 2
— —1 ? =1- — - -1 7
cos(z) ;( ) @] o T T +(~1) @) +
and
o 2i+1 3 .5 2i+1
o oz o
) =S (1) = T i
sin(z) ;( T TR H N A Gy T

We simply define cos(z) where z € C by the power series so

COS()zz:(fl)z S =1l-t+ 5+t (D) st
par (27)! 214 (24)!)
Stmilarly
00 L2t - L2i41
in(z) =Y (=1) =+ (C)
sin(z) ;< T TR I A A Gy s

Since the real power series for cos and sin are absolutely convergent every-
where, the complex power series are also absolutely convergent, and hence
convergent everywhere. Thus we have extended cos and sin to the complex
numbers

Example 7.8 Consider a complex number of the form z = it where t is a
real number, i.e. Rz = 0. We want to compute exp(it). Thus we plug it
into the power series

L ()2 (it)3 (it)"
exp(it) = 1+ it + o Tt 3l toet et
—1)7¢n =2j
Now (it)" = "t" = ( ) : forn J. . Hence
i(=1)7t" form=2j+1
t2 t3 t4 t5 t6 . t2j . t2j+1
exp(it) = 14it— ——im At —Fim— - ot (—1) ———4i(—1)?

— —_— ...
(2)! 27+ 1!
Since the series is absolutely convergent we can rearrange the terms any way

we see fit without changing the limit and so by summing the even and the
odd terms separately we get

21 30 4l 5! 6!

exp(it) = 1= o — b il g+ o+
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2t 5 13

We recognize the power series 1 — a1 + 6 +... ascos(t) and t — 30 +
t5
=] + ... assin(t). Thus we get the following amazing formula:

exp(it) = cos(t) + isin(t)
This known as Euler’s formula

We shall further investigate the complex exponential function. The real
exponential function satisfies the identity exp(z1+x2) = exp(x1) exp(z2) for
all z1, 2 € R. The analogous property for the complex exponential function
would be exp(z1 + 22) = exp(z1) exp(z2) for all z;, z5 € C.

To prove this we first prove a lemma which is useful for other purposes
as well:

0 .
Lemma 7.1.1 Consider a power series g(z) = > a;z". Let the power series
i=0

=
be absolutely convergent in the open disc {z € C||z| < p}. Assume that
o0 .
g(x) = > a;x' =0 for all x € R with |x| < p. Then g(z) = 0 in the whole
1=0

disc

Proof: Assume first that all the coefficients (the a;’s) are real numbers.
Consider the open interval I = {z| — p < & < p}. The power series defines
a function g : I — R (here we use that the coefficients are real numbers,
otherwise we would not have g(x) € R for z € R) and we know that this
function is infinitely often differentiable and ¢(i)(0) = ila;. Since g is iden-
tically O in the open interval, all the derivatives of g at 0 must also vanish
and so a; = 0 for all 4. But then g(2) =0+0-2+0-22+0-23+--- =0 for
every z. This proves the lemma when the coefficients are real numbers.

In the general case, write o; = Ra; and 3; = a;. Then we have a; =

m . . . .
a;+1i0; and g(z) = > (a; +i0;)x*. We have |a;||z|" < |a;]|x|" and |G;||z|*

IN

=0
la;||z|" and since g(x) is absolutely convergent we can use the comparison

test to conclude that both g (z) = > a;x" and go(x) = > f;z" are absolutely
i=0 i=0
convergent. Since the series is absolutely convergent we can rearrange the

terms so we can write g(x) = g1(x) +ig2(x). Thus g1(z) = Rg(x) = 0 and
g2(z) = Sg(x) = 0. Now we can apply the argument above to ¢g; and g2 to
conclude that o; = 3; = 0 for all ¢ and hence we get g(z) = 0 for every z in
the open disc.
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Figure 82:
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To prove the formula, fix zo0 = x5 a real number. Consider the func-
tion exp(z + z2) — exp(z)exp(zz). This is defined by the power series
% (s ) & 7}
z%T_iZO exp(mg)ﬁ. We know that exp(z+x2)—exp(x) exp(z2) =0
for all real . Hence by the lemma we can conclude that exp(z + x2) —
exp(z) exp(zz2) = 0. Thus the formula is true if either z; or 23 is real.

Now fix z; and consider the function exp(z1 + z) — exp(z1) exp(z) as a
function of z. Since the formula holds when z € R, this function is identically
0 on the real numbers. Again by the lemma we conclude it is identically 0

on the complex numbers.

Example 7.9 Find formulas for cos(01 + 02) and sin(61 + 62).

We did this using geometry back when we computed the derivatives of cos
and sin but it was not very elegant. Now we can do this easily using Fuler’s
formula: exp(i(61+02)) = cos(01+62) +isin(0y +62). By the formula above
exp(if1 +i6s) = exp(ify) exp(162) = (cos(61)+isin(f;))(cos(f2)+isin(fz)) =
cos(f1) cos(fz) — sin(61) sin(f2) + i(cos(f) sin(h2) + cos(f2)sin(61)). Then
we can just take the real and imaginary parts and we get cos(6y + 02) =

cos(f) cos(fz)—sin(01) sin(2) and sin(01+02) = cos(0; ) sin(f2)+sin(61) cos(62)

We can also use Euler’s formula to find another representation of a com-
plex number. So far we have two ways of representing complex numbers: as
a vector (a,b) € R? or as an expression a + ib.

Now a point in (a,b) € R? is uniquely determined by two quantities: the
length of the vector, r = va? + b? and the angle, 6 this vector forms with
the x-axis. Here 0 < 0 < 2. The pair (r,0) is called the polar coordinates
of the complex number.

If z = a + ib, then clearly r = |z|, the angle § can be determined by

a z

cos(f#) = ———=. Consider now —. This complex number has absolute
a? + b? || ;

value = 1, hence is a point on the unit circle. Thus — is of the form

z

(cos(),sin(f)) = cos(f) + isin(f) = exp(if). Thus we ha|vel z = |z| exp(if).
The number |z| is sometimes called the modulus of z and the angle 6 the
argument of z, Arg z. Hence we can write z = |z| exp(iArg z).

The polar coordinates are convenient for multiplying complex numbers:
if 21 = |z1] exp(i61) and zo = |z2| exp(if2) then 2129 = |21||22| exp(if:) exp(iba) =
|21||z2| exp(i(61 + 62)). Thus the modulus of a product is the product of the
moduli and the argument of the product is the sum of the arguments.

Consider a complex number z = a + ib. Then expz = exp(a + ib) =
exp(a) exp(ib). Thus |exp z| = exp(RNz) and the argument of exp z is b.
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(a,b)=a+ib

Figure 83: Polar coordinates
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z=a+ib=|z|exp(i 0)

12|

z/|z|=cos(0)+i sin(0)
5 =exp(i 0)

Figure 84:
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To define a complex logarithm we recall that in the real numbers log(exp x) =

x and for > 0, exp(logx) = z. Thus for a complex number it is natural to
define log z such that exp(log z) = z. If log z = u+1iv we have exp(u+iv) =
exp(u) exp(iv) = a + ib. Hence exp(u) = |z| so u = log(|z|) and v = Arg z.
Clearly z cannot be 0. But we can put logz = log |z| + i(Arg z + 2n7 for
any n so the equation exp(log z) = z does not define a single value for log z
but rather infinitely many. This is because the complex exp function is not
1 — 1, indeed exp(a + ib) = exp(a + i(b + 2nm)) for all n. For instance
1 = exp(i27) = exp(idm) = exp(2nm) for any integer n.

Thus it is not possible to define a single value log function everywhere:
we have to make a choice of where we take the argument of log z. We can
take any half-open interval of length 27. Suppose we take the argument to lie
in the interval [0, 27]. Consider the point 1 and consider the two sequences
zn = 1+ z1 and w, = 1 — i—, both converging to 1. Then Arg z, — 0
and Arg wnnﬂ 2m. Hence log(Tzln) — 0 and log(wy,) — 427. This shows that
log with this definition is not continuous at 1, in fact it is not continuous
anywhere on the non-negative real line. Thus to avoid discontinuities we
can only define log on the complex plane -the non-negative real numbers.

If we take the argument to lie in the open interval | — 7, 7[ we can define
a log function on C — {z € R|z < 0}. Then when z is a positive real number
log z agrees with the usual real logarithm function. Remark that with this
definition —7 < logz < 7 so log maps the whole complex plane into a
strip of with 27 centered around the z-axis.
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¢ a+i(b+4n)

® a+i(b+2m)

® Zz=a+ib

o ati(b-2n)

a+i(b-4n)

Figure 85:

148



~

wn=1-i 1/n

Figure 86:
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Figure 87:
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Homework Problems due 2/9-2004

Problem 1. Use the formula exp(if)" = exp(inf) to find formulas for
cos(260), cos(36) and cos(40)

Problem 2. Use the formula for the sum of a geometric progression to
compute
exp(if) + exp(i26) + - - - + exp(ind)

and find formulas for the trigonometric sums
cos(0) + cos(26) + - - - + cos(nd)
and
sin(6) + sin(20) + - - - + sin(no)
Problem 3. Write the following complex numbers in the form rexp(i6)
o 1+
o 2

o —1
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