1 A One Period Market Model

We consider a simple model of a market. The market consists of a population
of I traders, trading in a market with N securities. There are two significant
times: a time ¢t = 0 and a time ¢ = T later. The state of the world at time
t = T is unknown at time ¢t = 0 but it is described by a set of possible states
{wi,wa,ws, ..., wix} = Q, so we know at time 0 that at time 7" the world will
be in one of these states but we do not know which of them it will be. Each
security pays off a certain amount at time 7', the amount being dependent
on which state is prevailing at time 7'. Thus the possible pay-offs of security

dj(wr)
. . dj(w2) K .
j is described by a vector . € R*. We collect these data in the
dj(wik)
pay-off matriz
d1 (w) d2 (wl) e dN(wl)
di(wz) do(w2) ... dn(w2)
D= | di(ws) da(ws) dn(w3)
d1<wK) dg(wK) . dN(wK)
Thus the pay-off matrix is a K x N matrix.
01
2
A portfolio is a vector § = . € RN where each 6; is the number of
On
O(w1)
. . . 0 (w2)
shares of the i’th security. The pay-off vector of a portfolio 8, . €

0(wk)

RX is given by D - 6, so the pay-off matrix defines a linear map from the
space of portfolios, RY to the space of pay-offs, R®. The image of this linear
map is a subspace of RX. This subspace consists of all pay-offs that can be
realized by portfolios of the IV securities.

At time ¢t = 0 trading takes place at prices p = (p1,p2,...,pn), hence
the price of putting together a portfolio 6 is p-6 = p161 + p2ba+ - - - + pnbn.

Consider two portfolios @ and ¢, and assume D-0 = D-¢. If p-0 # p-4
we have an arbitrage opportunity: if p-0>p-1 we sell the portfolio § — g



This will generate positive cash flow p- (6 —) and at time ¢ = T will pay-off
D - (8 —¢) = 0 and so no matter what happens we get to keep the profit
from the trade, i.e. we have a guaranteed profit.

Example 1.1 Consider a market with 7 securities and 5 states {w1,wa, ws, ws, ws} =
Q. Assume the pay-off matriz is given by

5 7 010 1 6 0
5 4 0 5 4 6 -2
D=|5 6 0 7 1 6 5
5 3 01 4 6 6
5 10 3 4 5 -1 -9

Remark that the pay-off of the first security (the first column) is independent
of the state, this is called a risk free security. Assume the initial price
vector is (4,10,1,6,2,5,3). To discover arbitrage opportunities we shall first
compute the kernel of the linear map D : RT — RS,

1000 0 1.2 .73
01000 O 4
The reduced row echelon formof Dis |0 0 1 0 0 —23 —10.78 | This
00010 O -3
00001 O —1.67
shows that the image of D has dimension 5 i.e. D is onto. Thus the kernel
th
02
has dimension 2 and we see that § = | . | is in the kernel if and only
b7
10 00 0 12 73 0, 01 + 1.20¢ + .7367
01000 O 4 0, B + 407
001 00 —23 —-10.78 ) = | 63 —2.30 —10.780; | = 0.
00 010 O -3 : 04 — 367
00001 0 —167) \0r 05 — 1.676-
This shows that ker D is the subspace of vectors of the form
-1.2 —.73
0 —4
2.3 10.78
0 06 + 3 07
0 1.67
1 0
0 1



Hence any portfolio which is a linear combination of these two pays off 0 in
any state at time T.

—-1.2 —-1.2
0 0
2.3 2.3
The initial price of the portfolio 0 is (4,10,1,6,2,5,3)- 0 =
0 0
1 1
0 0

2.5. Hence this is an arbitrage portfolio. By selling this portfolio we make
a guaranteed profit of 2.5.

A security is completely described by its initial price and the pay-off vector
i.e. we can view a security as a vector in R, A portfolio 8 € ker D will
be an arbitrage portfolio unless its initial price p -0 = 0.

d(wr)

d(U.)Q)
Consider now a exogenous security, with pay-off vector d = ) €

(wx)

RE. We say that the security can be replicated if there is a portfolio € such
that D -6 = d.

Proposition 1.0.1 Any security can be replicated if and only if D has col-
umn rank=K

Proof: To say that any security can be replicated is the same as saying
that for any d € RE there exists § € RY such that D -6 = d. This is the
same as saying that D is onto i.e. that Im D = R¥. But Im D is spanned

01 dq (wl) d2(w1)
. 02 di (w2) da(w2)
by the columns of D, indeed D | | =6 . + 09 ]
On di(wr) da(wr)
d N(wl)
dn (w2 . L L
-+ 0N ) which shows that D@ is a linear combination of the
dy(wk)

columns of D. Thus D is onto if and only if the columns of D span R i.e.
the column rank is K.



Suppose now that the market is arbitrage free i.e. there are no arbitrage
portfolios. Then a security which can be replicated, say by a portfolio 6
must have initial price equal to the price of the replicating portfolio. This is
the underlying principle in arbitrage pricing: in an arbitrage free market two
portfolios with the same pay-off vectors must have the same initial price.

Example 1.2 Consider a market with two securities and two states. We
d d(wl)
d d((UQ)
are a risk free security (a bond) and a risky security (a stock). The columns
are linearly dependent if and only if d # 0 and d(w1) # d(we2) which we will
assume it is (otherwise both securities would be risk free). We assume that
d(w1) < d(w2). Let K be a number such that d(w1) < K < d(w2). Consider
. . c(wr) 0 .
now a security with pay-off vector (c(w2)> = (d(wg) B K) This is a call
option on the stock with strike K. Since D has column rank = 2 it can

. . 0 _ d(wr) d
be replicated indeed we have (d(wg) _ K) = A <d(w2) + B d where
d(ws) — K 1 dw) — K
= ———and B = ————"7FT7"7"——
d(WQ) — d(wl) d d(WQ) — d(wl)
are (1,S0) the price of the call must be C = ASy + B in order to avoid
arbitrage.

assume the pay-off matrix is given by D = < > . Thus the securities

d(wy). If the initial prices



We shall next assume that each trader associates probabilities to the
states i.e. to each state w € ) the trader has associated a number P(w)

such that 0 < P(w) < 1 and ) P(w) = 1. Having this probability measure
weN
allows us to incorporate expectations and volatility into the model.

It is more convenient to consider returns than the actual pay-offs, thus
if the pay-off of Sec, in state wy is d,,(wg) and the initial price is p,, the

d
return in state wy is r,(wg) = n(wk>. The return on a portfolio 6 in state
Pn
wg, is then given by 7(0)(wg) = "70
p-v

Definition 1.0.1 Let X : Q2 — R be a function on the state space. The ex-
pectation of X (or the expected value of X ) is the weighted sum > P(wg)X (w)-
k

The variance of X is defined by Var(X) = E((X—E(X))?) = %P(wk)(X(wk)—

E(X))?

Remark that we can write (X (wi) — E(X))? = X(wr)? + E(X)? —
2E(X)X (wg). Hence Var(X) = %P(wk)(X(wk)Q—l-E(X) —2E(X) X (wg)) =
Zk:P(Wk)X(Wk)QJer:P(wk)E(XV—Zk:P(Wk)E(X)X(Wk) E(X?)+ E(X)Q%:P(wk)—

2E(X)%:P(wk)X(wk) Since Zk:P(wk) = 1 and Zk:P(Wk)X(wk) = E(X) the

last expression becomes E(X?) + E(X)? — 2E(X)E(X) = E(X?) — E(X)?
The expected return on the portfolio 8, E(r(f)) is then the weighted sum
ZP(wk) (0)(wk) and the variance on the return is Var(r(8)) = ZP(wk) (0)(wr)?—

(ZP(wk) () (wk))”

Definition 1.0.2 Let X,Y : Q — R be functions. The covariance between
X andY is given by Cov(X,Y) =E((X —E(X))(Y —E(Y)))

We have (X —E(X))(Y —E(Y)) = XY — XE(Y) — YE(X) + E(X)E(Y)
and so Cov(X,Y) = E(XY) — E(X)E(Y) - EY)E(X) + E(X)E(Y) =
E(XY) — E(X)E(Y). Remark that Cov(X,X) = Var(X). The correla-

Cov(X,Y)

VVar(X)Var(Y)

Consider the returns on securltles n and m say r, and 7, (they are func-

tions of the state). Then we have Cov(ry,rm) = > P(wk)rn(wi)rm(wg) —
k

tion coefficient p(X,Y) =




k

Var(ry)
Cov(rg,r1)

C = | Cov(rs,r)

Cov(rn,r1)

Remark that since Cov(ry,, ry,) is clearly equal to Cov(ry,, ry,) the covariance
matrix is symmetric i.e. 'C' = C. Also C' is an N x N matrix. We shall
now see how we can compute C' from the pay-off matrix D, the initial price

vector p = (p1,p2,- ..

Cov(r1,r2) Cov(ry,rs)
Var(ra,r2) Cov(re,rs)
Cov(rs,re) Var(rs)

Cov(rp,r2) Cov(ry,rs)

we need to compute the returns matrix

R =

di(w1)/p1
di(w2)/p1
di(ws)/p1

d(wi) ;1

The expected return on Sec,, is E(ry,)

T (wl)
1 (CUQ)
r1(ws)

r(wr)

da(w1)/p2
da(w2)/p2
da(w3)/p2

dy(wic) />

T’Q(wl) Tg(wl)

T‘Q(wg) 7“3((4)2)

ra(wz)  73(w3)

ro(wi) r3(wk)
dz(w1)/p3
dz(w2)/p3
d3(ws3)/p3
ds(wic) /3
1
b1

0 —

b2

=D-10 0

0 0

k

,pn) and the probabilities prob =

S P(wi)rn(wr)d P(wk)rm(wk) We can then form covariance matrix
k

Cov(ry,rn)
Cov(rg,TnN)
Cov(rs,rn)

Var‘(r N)

P(wr)
P(w2)

P (U'JK)

0

0
1

PN

> P(wg)rn(wk) and so the vector




of expected returns

E(Tl) Tl(wl) 7’1(&)2) 7“1(&)[() P(wl
E(rz) . ra(wi)  ra2(w2) ra(wr) | | Plws)
. ="R-prob = : : : .
E(rn) ry(wi) 7 (w2) rn(wi)/ \P(wk)

P(w) 0

0 P((JJ2)
Let P denote the K x K diagonal matrix 0 0
0 0

. J

We want to find an expression for the covariance matrix in terms of the

returns matrix and the matrices above: the covariance matrix is C =

E(T%) — E(T1)2 E(Tﬁ“g) — E(T‘l)E(T’Q) . E(TjTN
E(ror;) — E(r2)E(r1) E(r3) — E(rp)? . E(rory) —
E(rer)—E(rN)E(rl) E(TNTQ)—E(TN)E(M)

E(T%) E(Tﬂ”g) . E(T’er) E(T1)2 E(T’l 7'2
E(rery)  E(r3) . E(rory) B E(re)E(rq) E(rg)?
E(ryr1) E(ryrs) ... E(2) ) \EGN)E(r) E@rw)E(r)
ri(wr)  ri(ws ri(wk)\ [Plw) 0
Now ' RP-B — 7‘2(:w1) 7‘2(?02) Tz(é:JK) (:) P(t@)
rN(‘wl) Y’N(.wg) TN(;,UK) 0 0
ri(w1)  ro(wi) . ry(wr)
Tl(wg) T’Q(WQ) TN(LUQ)
i) Tolwr) o rr(r)
P(wi)ri(w1)  Plw2)ri(wa P(wi)ri(wk) 1w
_ Plwi)ra(w1)  Plw2)ra(ws) P(wg)ra(wk) r1(w2)
Plo)ra(@r) Plun)ra(ws) ... Plwr)ry(wi)) \ri(wi)

1)E(r

( )E( )

E(7“N)

0

0

P(@K)
7“2((01) rN(wl
ro(w2) rn(w2)
rowi) .or (W)



Zk:P(wk)Tl(wk)Z %:P(wk)rl(wk)rg(wk) %:P(wk)rl(wk)mv(wk)
- Zk:P(wk)rz(wk)n(wk) Zk:P(Wk)T2(Wk)2 Zk:P(Wk)M(UJk)T’N(Wk)
%P(wk)m(wk)rl(wk) §P<wk)r,v'(wk)r2(wk) §P(wkm(wk)2
E(T’%) E(TlT’Q) E(Tﬂ’N)
_ E(rory) E(T‘%) E(rory)
E(m‘vrl) E(r]'vrz) E(r]zv)
E(r1) E(r1)? E(Tl)E(gz)
Nest | 20 @), B, B = | 0D )
E(rn) E(rn)E(r1) E(rn)E(r2)
E(rl) E(Tl)
Now we have E<T2) = 'R-prob and so E(.TQ) (E(r1),E(r2),...,E(ry)) =
E(rn) E(ry)

‘R-prob-t (‘R -prob) ='R-prob-'prob- R
Thus we finally end up with the following expression for the covariance

matrix:

C='R-P-R—'R-prob-tprob- R="R- (P —"‘prob-prob) - R

Homework problem Consider a model with 5 states: Q = {w1, wa, w3, w4, ws}

with probabilities P(w1) =

1
3

1

P(ws) = 5, P(ws) = 3,

%. Assume there are 7 securities with pay-off matrix

Ot Ot Ot Ot Ot

7T 0101 6 O
4 0 5 4 6 =2
6 0 7 1 6 5
3 01 4 6 6
10 3 4 5 -1 -9

Compute the reduced row echelon form of D.
Let the initial price vector p be given by p = (4,10,1,6,2,5, 3).
Show that there are arbitrage strategies.
Adjust the prices of securities 6 and 7 to make the market arbitrage free.

P(wy) = 1L =

g,P(W{,)



Show (without computing) that the returns of security 1 has Var = 0
and that its covariance with any of the other securities is also 0, so security
1 is uncorrelated to any of the other securities.

The reduced row echelon form shows that securities 5 and 6 are redun-
dant i.e. they can be synthesized from securities 1 — 5

Compute, for securities 1 — 5, the matrix of returns R, the vector of
expected returns, the Covariance matrix

Var(ry) Covar(ri,ra) ... Covar(ri,rs)
c— Covar(rg,r1) Var(ry) ... Covar(ry,rs)
Covar(rs,r1) Covar(rs,ra) ... Var(rs)

Compute the correlation matrix of securities 2 — 5.



